2020
Number 118

The ultimate
homework solution is here.

...and here...

...and here...

...and here...

...and here...

...and here...

...and here...

Homework set easily, marked automatically.
Homework Space is the exclusive new digital solution for
homework, available for a range of Junior Cycle subjects.
Homework Space includes ready-made, curriculumaligned assignments for homework setting and will
save you hours spent on marking, so you can focus
on lesson planning and other important teaching
areas. It makes tracking student and class progress
easy and has a clear structure to use alongside
whatever textbook you use with your class.

Explore more at Folens.ie

Page 2

IMTA Newsletter 118, 2020

Contents - 118
IMTA Council 2019 – 2020

3

IMTA Branches 2019 – 2020

4

The Emblem of the IMTA

from the Archives

5

First Year Maths Competition 2020 Regional Round

7

Teams Maths Quiz 2020 Regional Round

10

On Triangles inscribed in the Unit Circle

Finbar Holland

16

60th Maths Olympiad in Bath, England

31

Peter’s Problem 2020

34
Ronan Flatley

39

Transposition of formulae: the challenge of not 'moving'
Maryna Lishchynska, Catherine Palmer and Julie Crowley

47

A little-used Formula

49

Visualising Sums

Paul Holland

Peter’s Problem 2021

52

Cumann Oidí Matamaitice na hÉireann
Irish Mathematics Teachers’ Association
The IMTA was founded in 1964 to promote and assist the teaching of mathematics at all levels.
Membership is open to all those interested in mathematics and mathematics education.
As the IMTA is represented on all NCCA mathematics course committees, members, through their
Branch meetings and syllabus committee representatives, have a direct input into syllabus
revisions and curriculum changes.
Membership for 2020 – 2021 is free for current members, student and newly qualified teachers.
The annual fee for new members is €20. See branch information for contact details.

Acknowledgement
The IMTA would like to thank Folens Publishers for sponsoring and preparing the Flipbook edition
of this Newsletter.

Page 3

IMTA Newsletter 118, 2020

IMTA Council 2019 – 2020
Chairperson:

Ciarán Duffy

chair@imtacouncil.com

Vice-Chairperson:

Michael Moynihan

mmoynihan@eircom.net

Correspondence Secretary: Rory Kearney

rorykearney@gmail.com

Recording Secretary:

Enda Donnelly

Waterford.imta@gmail.com

Treasurer:

Horst Punzet

imtadublin@outlook.ie

CPD Co-ordinator:

Aidan Roche

Imtawexford@gmail.com

Newsletter:

Horst Punzet

imtadublin@outlook.ie

Clare/Limerick:

Jack Neylon

clareimta@gmail.com

Cork:

Eoghan O’Leary

info@corkmaths.ie

Donegal:

Paddy Flood

donegalimta@gmail.com

Dublin:

Horst Punzet

imtadublin@outlook.ie

Galway:

Jane Keenan

mskeenan@salerno.ie

Kerry:

Mike Keating

mikekeating@eircom.net

Mayo:

Michael Walsh

Michaelwalsh@msletb.ie

Midlands:

Rory Kearney

midlandsimta@gmail.com

Waterford/Kilkenny:

Enda Donnelly

Waterford.imta@gmail.com

Wexford:

Aidan Roche

Imtawexford@gmail.com

Third Level Representatives: Elizabeth Oldham and Cornelia Connolly

Page 4

IMTA Newsletter 118, 2020

IMTA Branches 2019 – 2020
Cork Branch:

Clare/Limerick Branch:

Chairperson: Eoghan O’Leary

Chairperson: Seán Murphy

Secretary: Eoghan Long

Secretary: Ciara McMahon

Treasurer: Janet Cotter

Treasurer: Lorraine McInerney

Donegal Branch:

Mayo Branch:

Chairperson: Kieran Sweeney

Chairperson: Michael Walsh

Secretary: Margaret Bonner

Secretary: Margaret Kenny

Treasurer: Martin Gormley

Treasurer: Lorraine Gallagher

Dublin Branch:

Midlands Branch:

Chairperson: Ciarán Duffy

Chairperson: Emma Keane

Deputy Chairperson: Horst Punzet

Secretary: Claire Donohue

Secretary: Catherine Sweeney

Treasurer: Laura Guinan

Treasurer: Elizabeth Oldham

Waterford/ Kilkenny Branch:

Galway Branch:

Chairperson: Linda Cusack

Chairperson: Stefanie Carr

Secretary: John Hartery

Secretary: Jean O’Connor

Treasurer: Maria Halley

Treasurer: Jane Keenan

Wexford Branch:

Kerry Branch:

Chairperson: Olive McGuinness

Chairperson: Caroline Foley

Secretary: David Crowdle

Deputy Chairperson: Mo O Connor

Treasurer: Aimee Doyle

Secretary: Mo O Connor
Treasurer: Marina Mulvihill

IMTA Newsletter 118, 2020

Page 5

The Emblem of the Irish Mathematics
Teachers’ Association

The emblem of the Association was devised by J.J.Callagy in 1965. This
article by J.J.Callagy was published in IMTA Newsletter Number 3 in
April 1965. The original design was based on the ancient sacred Celtic
symbol, the Triquetra which points upwards, not downwards. The
emblem appeared correctly in its original design in issue 5, February
1966 then inverted in issue 6, June 1966, upright again in issue 7,
November 1966, inverted again in issue 8, February 1967 and has
remained inverted ever since. Issues 32 – 38 inclusive, contained a new
cover design and did not include the emblem on the cover. It reappeared
again in issue 39, March 1979 inverted, and in subsequent issues.
The impact of new ideas and concepts usually produces in the reaction a driving force towards the
expression and formulation of ideas, and our Association is the result of such an impact. A. N.
Whitehead points out that it is frequently accompanied by accessories of emotion and purpose
which determine the special forms through which the general ideas are promulgated. History offers
many examples of anecdotes and legends about mathematics and mathematicians which have
frequently misrepresented the ideas they sought to express because of the emotional factor being
overemphasized. Therefore, since higher generalities and ideas are rarely capable of accurate
verbal expression, it would appear that their most efficient special form of communication is the
visual image, such as a symbol, emblem or motif. It usually commands recognition, and a stirring
effect and the advantage that he who runs may read.
A good example was the Pentagram star which down to the Middle Ages was known as the
Pythagorae Figura until it later fell into disrepute. To the Pythagoreans it at once symbolized the
great concepts of the master and was chosen by them to commemorate the greatest achievement of
their school just as the figure of the sphere inscribed in a cylinder was raised by Marcellus over
the grave of Archimedes. It would seem fitting, then, that an association with ideals such as ours,
should display some appropriate emblem and I wish to submit a suitable motif for your
consideration. I hope to show that it expresses adequately the motivation, raison d'être and aims
of our Association.
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Traditionally, the equilateral triangle is the most elementary and
individualistic figure, and the most popular, that we meet on the
threshold of our education, yet its isometries offer the simplest
illustration of the group concept to which it attributes the greatest
influence for clarification in Mathematics for the last 150 years.
The triple interwoven ovals of the design were suggested
isomorphically by the triple interwoven isosceles triangle of the
Pythagorean pentagram and in turn suggest current representation
methods in set theory.
The trefoil breaking through from the interior of the equilateral triangle dramatically symbolizes
the flowering and liberation of mathematical teaching from the Platonic straitjacket that was
heralded by the emphasis on set Theory, and which speakers at O.E.C.D. seminars used words
such as “revolution” and “explosion” to describe. Although constructed by the intersection of
three independent circles, it is interesting to note that this trefoil is a unicursal figure, a property
it has in common with the pentagram. As a continuous curve it is a topographical deformation of
any one of the circles, since its perimeter is equal to one complete circumference. Analytically, it
may express an algebraic relation worthy of attention from some unknown Euler, Fourier or
Dirichlet. It may serve to emphasize that appreciation for structure and the bearing of one set of
ideas on another that we seek to cultivate in our students.
This Celtic-looking figure commends itself, too, for its similarity
to our national emblem, and from the sociological angle may be
construed as a set-presentation of that unification of hitherto
divergent interests in our educational system which is part of our
raison d'être. At another level it may be made highly
expressionistic if appropriate faculty colours are incorporated to
suggest Philosophy crowning the union of Science and
engineering, while the intersection of the three ovals represents
that balanced contribution which the needs of our social
organization demand from the educational system.
Finally, on the highest level the equilateral triangle with its strong religious connotation of the
Trinity expresses our awareness that any cultural and educational activity must be bonded by
Christian principles if it is to maintain a proper standard of values. It appears to be a fitting symbol
of our responsibility, as teachers, to the individual in his defense against the increasing threat of
a totalitarian technology. It is in short, the hall-mark of distinctive and distinguished contributions
to mathematical culture and Irish education.
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Comórtas Sóisearach Matamaitice Éireann 2020
Irish Junior Mathematics Competition 2020
Section A (5 Marks)
1)

When using a calculator to calculate 0·075 × 1·34 Joe forgot to enter the decimal point.
The calculator showed 10050. The answer should have been
(A)

2)

0·01005

(B) 0·1005

(C) 1·005

(D) 10·05 (E)

100·5

Two thirds of a number is 36. The number is
(A)

12

(B)

24

(C)

45

(D)

54

(E)

57

3)

The total mass of a bottle and its contents of 20 identical tablets was 180 grams.
When the bottle contained 15 tablets it was found that the total mass was 165 grams.
The mass of the bottle, in grams, was
(A)
103 (B)
115
(C)
120
(D)
125
(E)
146

4)

The number
(A)

5)

20192 + 2019(2020)
equals
2019 + 2020

2019

(B)

2020

(C)

4038

(D)

4039

(E)

4040

In the diagram all edges have length 1.
The longest path from Q to S, without going along any
edge more than once has a length of
(A)

2

(B)

3 (C) 4

(D)

5 (E) 6

Section B (7 Marks)
6)

A maths club has 12 boys and 8 girls. Every week, the club membership increases
by two girls and one boy.
When there are as many girls as boys, the number of club members is
(A)

7)

(B)

24

(C)

28

(D)

32

(E)

40

A salesman receives 10% commission on the first €1000 of sales, and 15% for all sales
above €1000. If his sales on a certain week totalled €5000 what was the salesman’s total
commission, in euros?
(A)

8)

16

500

(B)

600

(C)

700

(D)

800

(E)

900

Sinéad and Maria call each other. Their phones beep as soon as the connection is
established. Sinéad’s phone beeps every 15 minutes and Maria’s beeps every 12
minutes. After how many minutes of talk will their phones beep together?
(A)

20

(B)

40

(C)

60

(D)

80

(E) 100
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9)

1

What is the value of

1+

1+
(A)
10)

3
7

(B)

?

1
1
3

4
7

(C)

5
7

(D)

7
4

(E)

7
3

The five members of a group decide to buy a CD player, splitting the cost equally.
Later, three new members joined the group and agreed to pay their share of the
purchase price. This meant that each of the original five members saved €15,
What was the cost of the CD player, in euros?
(A)

25

(B)

40

(C)

120

(D)

125

(E)

200

Section C (8 Marks)
11)

You are asked to house pigeons in cages so that each cage contains at least one pigeon
and no two cages contain the same number of pigeons.
What is the maximum number of cages that can be used to house 100 pigeons?
(A)

12)

7688

24

(C)

13

(D)

14

(E)

100

(B)

7749

(C)

7776

(D)

7826

(E)

9861

(B)

25

(C)

27

(D)

30

(E)

36

Maria found the average of 43 numbers to be x. Then, by accident, she included the value
x with the original numbers, and found the average of the resulting 44 numbers to be y.
The ratio of y to x is
(A) 43 : 44

15)

2

A 5 litre container full of orange juice has 2 litres of juice removed and is filled up with
water and mixed thoroughly. It then has 2 litres of the mixture removed and is again filled
up with water.
What percentage of the final mixture is orange juice?
(A)

14)

(B)

The digits 1, 9, 8 and 6 are each used only once to form two numbers, each of which has
one, two or three digits.
What is the largest possible product two such numbers can have?
(A)

13)

1

(B) 44 :43

(C) 45 : 44

(D) 44 : 45

(E) 1 : 1

Pat decides to make a ruler. He places a long mark at every whole number, a
medium mark at every half centimetre, and a small mark at every quarter centimetre.
How many marks, in total, will he need to make a six centimetre ruler?
(A)

20

(B)

22

(C)

24

(D)

25

(E)

26
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2020
ANSWER KEY (Round 1)
SECTION A

SECTION B

SECTION C

1.
2.
3.
4.
5
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

B
D
C
A
C
D
C
C
B
E
C
D
E
E
D
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Mata Fóirne 2020, Babhta Réigiúnach

Team Maths 2020, Regional Round

Babhta 1
Q1.1)

Round 1
In a given triangle ABC, using the usual notation,
side a = 3 cm, side b = 4 cm and side c = 5 cm
Find the numerical value of sin( A) + sin(2 B ) + sin(3C ).
Answer in form

Q1.2)

a
, where a and b ∈ , in simplest form.
b

Find, in terms of n, the value of

n

C1 + 6 ( n C2 ) + 6 ( n C3 )

Answer in the simplest form.

Babhta 2
Q2.1)

Round 2
Four integers are added to the set {3, 4, 5, 5, 8} increasing the mean, median and
mode each by 1.
Write down the elements of the new set in ascending order.

Q2.2)

What is the value of the base b, in surd form, when

logb (10) + logb (10)2 + logb (10)3 + ..... + logb (10)10 =
110

Babhta 3

Round 3

Q3.1)

Find the value of the integral ∫ (1 + sin(3 x)dx.

Q3.2)

Find the 5th term of the expansion ( x − 3 y ) .
12

Answer in simplest form ax p y q , where a, p, and q ∈ .
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Babhta 4
Q4.1)

Round 4
ABCD and PQRS are concentric squares.
The diagonals of PQRS are parallel to the sides of ABCD.
1
cm, calculate the length of
2
[PM], where M is the midpoint of the line segment [AB].

If |AB| is 1 cm and |PQ| =

Answer in form

Q4.2)

a− b
, where a, b, and c ∈ , in simplest form.
c

Find all the cube roots of 4 + 4 3i.
Answers in the form r (cos A + i sin A), where A is in degrees.

Babhta 5
Q5.1)

Round 5
Given that a and b ∈ , 0 < a < b and a 2 + b 2 =
6ab find the numerical value of

a+b
. Answer in simplest surd form.
a −b

Q5.2)

Solve for x and y
x( x + y ) =
108
297
y( x + y) =
4
Answers in the form ( x, y ) where x and y ∈ .
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Babhta 6
Q6.1)

Round 6
A jar has 499 fair coins and one similar coin with heads on both sides.
A coin is chosen from the jar at random and flipped 9 times.
Given that it comes up heads every time, what is the probability that the coin is
a
the two headed coin? Answer in the simplest form , where a and b ∈ .
b

Q6.2)

A square of side 3 m and a square of side
4 m overlap as shown in the diagram.
D is the centre of the 3 m square.
Find the area of the shaded region DGFE.
Answer in the simplest form

a
, where a and b ∈ .
b

Babhta 7
Q7.1)

Round 7
Solve for x : x 2 − 4 x + 5 ≤ 6, where x ∈ .
Answer in the form a ≤ x ≤ b in simplest surd form.
5(1027 − 1)
is written as an integer how many times does 5 appear in the
9
answer?

Q7.2)

If

Q7.3)

Two vertices of an equilateral triangle lie on the line

=
y 2 x − 2, and the third vertex lies on the line =
y 2 x + 2.
Find the area of the triangle. Answer in form

Q7.4)

a b
where a, b and c ∈ .
c

Three fair 6-sided dice are thrown.
What is the probability that the three numbers rolled are three consecutive
a
numbers, in some order? Answer in the simplest form , where a and b ∈ .
b

IMTA Newsletter 118, 2020

Babhta 8
Q8.1)

Round 8
Square grid patterns of matches are
shown, namely a 1-square, a 2-square
and a 3-square.
How many matches must be added to a
500-square to make a 501-square?

Q8.2)

Find all the complex numbers such that

z − 1 = z + 3 = z − i , where z= x + iy.
Answers in the form a + ib, where a and b ∈ .

Q8.3)

Find the values of x and y for which x 2 + 6 x + y 2 =
4.
Answers in the form (x , y), where x and y ∈ .

Q8.4)
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A corner of a rectangular piece of paper of width 8 cm is
folded over so that it coincides with the point C on the
opposite side.
Given that |BC| = 5 cm, calculate, in cms, the length of the
fold l.
Answer in form a b where a, b and c ∈ .
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Scoilt

Tiebreak

T1)

Find all the numerical values of x for which 7 2 x = 45(7 x ) + 4(7 2 ) .

T2)

What is the relationship between a and b ∈  for which the line x + y =
a is a tangent to
the circle x 2 + y 2 =
b?

T3)

What is the remainder when 82020 is divided by 9?

T4)

John will need €7000 in three years’ time to purchase a car.
How much should he deposit at the end of each month into an account that pays
6% EAR to achieve his goal? Answer to the nearest euro.

T5)

Find the greatest integer, x, for which 320 > 32 x ?

T6)

− y 3 and x −=
3 y 4.
Find the acute angle between the lines 2 x=

T7)

Find the area enclosed in the graph x 2 + y 2 = 16 x + 32 y .
Answer in terms of π.

T8)

Given 1 ⋅ 2 ≤ a ≤ 5 ⋅1 and 3 ≤ b ≤ 6 find the highest possible value for the quotient

T9)

Find all the ordered pairs of real numbers ( x, y ) , such that

x3 − y 3 =
19 and x 2 y − xy 2 =
6.
T10) Find the area of the triangle with vertices (5, 4), (3, 6) and (2, 1).

Answer Key Regional Round
Round 1
Q1.1

14
25

Q1.2

n3

{3, 4, 5, 5, 6, 6, 6, 8, 11}

Q2.2

b = 10.

Round 2
Q2.1

a
.
b
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Round 3

x−

Q3.1

cos(3 x)
+c
3

Q3.2

40095 x8 y 4

Round 4
Q4.1

2− 2
4

Q4.2

2(cos 20° + i sin 20°); 2(cos140° + i sin140°); 2(cos 260° + i sin 260°)

Round 5
Q5.2

(8,5 ⋅ 5) and ( −8, −5 ⋅ 5)

512
1011

Q6.2

9
4

Q7.1

2− 5 ≤ x ≤ 2+ 5

Q7.2

27

Q7.3

16 3
15

Q7.4

1
9

Q5.1

− 2 (only)

Round 6
Q6.1
Round 7

Round 8
−1 − i

Q8.1

2004

Q8.2

Q8.3

(0 , ± 2), (−6 , ± 2), (−1, ± 3), (−5, ± 3)

Q8.4 5 5

Tiebreak

a2
or a = ± 2b
2

T1

2

T2

b=

T3

1

T4

€178

T5

6

T6

45°

T7

320π

T8

1·7

T9

(3, 2) and ( –2, – 3)

T10

6
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On Triangles inscribed in the Unit Circle
Finbarr Holland

1

Introduction

Descartes (1596–1650) initiated the study of Euclidean geometry by algebraic methods
when he represented points in the plane by pairs of real numbers, and lines and circles
by equations. So began Cartesian or Analytic Geometry. Over time it gave rise to a
plethora of various other algebraic techniques, such as vector methods, complexnumber methods, systems of areal and trilinear coordinates, and mobile coordinates,
which feature in “Geometry with Trigonometry”, a recent book by Patrick Barry,
Professor Emeritus, UCC. Each of these different methods have their advocates and
merits, but algebraic methods by themselves have limitations, especially when it
comes to handling such notions as points off a straight line, the inside and outside of
a closed curve, and tangents to curves. Sooner or later they must be supplemented
with the order properties of the real numbers, so that the distance between a point
and line and limiting operations can be discussed, and solutions of equations – at least
ones of quadratic and cubic type – can be properly treated. In other words, the full
armoury of the real number system, and not merely its algebraic operations of
addition and multiplication, must be used to cope with Euclid’s geometry. There
simply is no Royal Road to it!
Over time, Analytic Geometry displaced synthetic geometry in school syllabi in the
Western World, and, by the 1980s, it was the only method being taught at least in
Irish Secondary Schools. Indeed, when Ireland competed at its first IMO in 1988,
much to the amusement of the coordinators, the members of the Irish team had to
resort to using such methods in their attempts to answer the geometry questions! In
what follows, we borrow a leaf from the book “Inversive Geometry” by F. and F. V.
Morley and use the algebra of complex numbers to examine well-known geometric
properties of triangles by inscribing them in the unit circle, the set of complex
numbers whose distance from the origin is unity. Such an approach greatly reduces
the amount of algebra that would otherwise be involved. In addition, to expose some of
the shortcomings of algebraic methods, we discuss the distance formula, touch
briefly on tangents to circles, and families of straight lines that envelope them.
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2

A brief review of complex numbers

At the beginning of the nineteenth century complex numbers were regarded as
mysterious objects, a situation not helped perhaps by their inherited descriptions
as mathematical objects consisting of sums of ‘real’ and ‘imaginary’ numbers. Even
though their utility was recognised, they were not viewed as members of an independent algebraic mathematical edifice that could be manipulated according to
prescribed rules. They were seen as useful adjuncts to the real numbers and operated
on as if they were indeed such objects, and, in particular, that the square of an
imaginary number was a real number! But their role as members of an independent
number system wasn’t appreciated. All this was to alter in the first half of the century
when mathematicians, such as George Boole (1815–1864) and William Rowan
Hamilton (1805–1865) in Ireland, and Arthur Cayley (1821–1895) and J.J. Sylvester
(1814–1897) in England, began to examine and exploit the algebraic operations that
governed the real numbers. It was soon realised by Hamilton, in particular, that the
elements of R 2 could be endowed with an algebraic structure, according to which the
sum and product of two ordered pairs of real numbers (a, b) and (c, d) were defined
by the following rules:
(a, b) + (c, d) = (a + c, b + d) = (c, d) + (a, b),
and

(a, b)(c, d) = (ac − bd, ad + bc) = (c, d)(a, b).
The resulting structure inherits all the commutative and associative laws from the
real number system. In it, the pairs (0, 0) and (1, 0) play the roles of an additive
zero and a multiplicative unity, respectively, while the pair (0, 1) was seen to have a
special significance: its product with itself, i.e., (0, 1) (0, 1), is easily seen to equal
(−1, 0). It was denoted by the letter i. Identifying (x, 0) with the real number x, and
(0, y) with the product (0, 1)(y, 0) = i (y, 0), we obtain the familiar form of a complex
number z = (x, y) as z = x + iy. So, at one fell swoop, Hamilton had endowed members
of the plane with a simple abstract algebraic system akin to that possessed by the real
numbers, in which one could add and multiply the numbers and, as a bonus, conceive of
the square root of negative unity! A concrete representation of complex numbers was
created, one that included the real numbers! This was the spark that caused Hamilton
to search for an analogous system in which one could carry out similar operations
on triples (x, y, z) of real numbers. Alas, while this particular search was fruitless, it
led to his discovery of quaternions, an algebra in which multiplication is not
commutative.
In what follows, it will be assumed that readers are familiar with the basic operations
associated with complex numbers and are happy to regard them as entities in their
own right, with only an occasional need to regard them as expressions of the form
z = x + iy, where x and y are real numbers. Such readers will also know that the modulus
of z, denoted by | z | , is defined to be

x 2 + y 2 , and that its complex conjugate, denoted

by z , is defined to be x − iy, s u ch that zz = z . Given that if z ≠ 0, then z / z is its
multiplicative inverse, z −1, or reciprocal, 1/z. The real part will be designated ℜz.
2

2
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3
3.1

Lines and circles
Complex form of lines

If a, b, d are real numbers, with a2 + b2 > 0, the set of pairs of real numbers (x, y)
such that ax + by + d = 0 is a proper non-empty subset of the plane R2 . It is referred
to as a straight line with equation ax + by + d = 0. We proceed to derive a complex
form of its equation. With this in mind, suppose (x, y) is a point on this line, and
let w = a + ib, and z = x + iy. Then,
w̄z = (a − ib)(x + iy) = (ax + by) + i(ay − bx),
and
wz̄ = (a + ib)(x − iy) = (ax + by) + i(−ay + bx),
whence
√

w̄z + wz̄ = 2(ax + by) = −2d.

Since |w| = a2 + b2 > 0, by assumption, w is not the zero complex number. Hence,
it’s legitimate to divide across by w̄, and by doing so, z is seen to satisfy the equation
z+

2d
w
z̄ = − .
w̄
w̄

Conversely, if z = x + iy satisfies the latter equation, the point (x, y) is on the given
line. This means that the line can be regarded as the set of complex numbers z that
satisfy the equation z + τ z̄ = c, where τ = w/w̄, and c = −2d/w̄. Observe that
|τ | =

|w|
|w|
=
= 1,
|w̄|
|w|

so that τ is unimodular, i.e., a complex number of unit modulus. Also, since d is
real,
−2d
w −2d
−2d
τ c̄ = τ
=
=
= c.
w̄
w̄ w
w̄
To sum up: the equation of a line in cartesian coordinates (x, y) can be represented
as the set of complex numbers z that satisfy an equation of the form z + τ z̄ = c,
where τ and c are arbitrary complex numbers such that |τ | = 1, and τ c̄ = c; and
conversely. We refer to τ as the clinant of this line. Notice too that the line contains
the point c/2.
The equation of the line with clinant τ that passes through a point p is z+τ z̄ = p+τ p̄.
Any line perpendicular to this has clinant −τ .1 Such a line that passes through p has
equation z −τ z̄ = p−τ p̄. (We leave this and the next few statements for the reader!)

1

Alternatively, two lines are said to be perpendicular if their clinants add to zero.
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It’s easy to confirm that two lines are parallel2 iff their clinants are equal. Notice,
too, that if z, w are two distinct points on a line with clinant τ , then
z−w
= −τ.
z̄ − w̄
Thus, distinct points p, q, r are collinear iff
p−q
q−r
=
.
p̄ − q̄
q̄ − r̄
Exercise. Write down the complex form of the equation of the line whose cartesian
equation is x + y = 1. Show that its clinant is −i.
Exercise. Suppose θ is a real number. Show that −(cos(2θ)+i sin(2θ)) is the clinant
of the line whose cartesian equation is cos θ x + sin θ y = 1.
Exercise. Suppose m is a real number. Write down the cartesian equation of the
line whose complex equation is z + m+i
z̄ = 2. Determine the complex form of the
m−i
equation of the line that is perpendicular to this and passes through 1 + i.

3.2

A useful identity

The parallelogram law for complex numbers a, b is the following identity: If a, b are
complex numbers, then
|a − b|2 + |a + b|2 = 2|a|2 + 2|b|2 .
To see this, note that if z = x + iy, where x, y are real numbers, then
|z|2 = x2 + y 2 = (x + iy)(x − iy) = z z̄,
and so
|a − b|2 =
=
=
=

(a − b)(a − b)
(a − b)(ā − b̄)
aā − ab̄ − bā + bb̄
|a|2 − 2<{ab̄} + |b|2 .

Replacing b by −b in this expression we get
|a + b|2 = |a|2 + 2<{ab̄} + |b|2 ,
and the identity follows by adding these two expressions.
In particular, if a, b are unimodular, then
|a − b|2 + |a + b|2 = 4.

2

Alternatively, two lines are said to be parallel if their clinants are equal.
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3.3

Complex form of circles

As is probably familiar to most readers, the general equation of a non-degenerate
circle in cartesian coordinates (x, y) is of the form
x2 + y 2 + 2gx + 2f y + c = 0,
2
2
where g, f, c are real numbers
p and g + f > c. The point (−g, −f ) is its centre, and
the positive number r = g 2 + f 2 − c is its radius. Completing the squares on x, y
the equation can be written as (x + g)2 + (y + f )2 = g 2 + f 2 − c = r2 . Notice that
the sum of the squares on the LHS of this expression is the square of the modulus
of the complex number (x + g) + i(y + f ) = z + (g + if ). Hence, in terms of z,
the equation of the circle is |z − a| = r, where a = −(g + if ). In other words, if
r > 0 and a is any complex number, the set of complex numbers z that satisfy the
equation |z − a| = r is that of a circle centred at a of radius r. A point z is said to
be inside (respectively, outside) the circle if |z − a| < r (respectively, if |z − a| > r),
and to be on the circle if |z − a| = r.

When a = 0 and r = 1, we obtain the equation of the unit circle, which we denote
by T . Thus, T consists of all the unimodular complex numbers. Alternatively, it
can be viewed as the set of complex numbers of the form cos θ + i sin θ, where θ is
a real number. It contains 1, the complex conjugate (in other words, the reciprocal
or multiplicative inverse) of every number in it, and the product of any two of its
members. Thus, T is a commutative group under complex multiplication. We often
refer to its members as turns.

3.4

Tangents to circles

If t, s are distinct turns, the clinant of the chord joining the points a + rt and a + rs
on the circle |z − a| = r is given by the quotient
t−s
r(t − s)
a + rt − (a + rs)
=
= −ts,
=
t̄ − s̄
a + rt − a + rs
r(t − s)
since r > 0 and ū = 1/u, ∀u ∈ T . Keeping t fixed, and letting s move towards t
(!!) the chords approach the tangent to the circle at a + rt. At the same time, the
chordal clinant approaches −t2 (!!). We therefore define this to be the clinant of the
tangent. Accordingly, z is a point on this tangent line iff
z − (a + rt)
z̄ − (a + rt)

= −t2 ,

i.e,
z + t2 z̄ = a + rt + t2 (a + rt) = a + 2rt + āt2 .
This is the equation of a line with clinant −t2 that shares the point a + rt with the
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given circle; it is said to be the equation of the tangent that touches the circle at
a + rt. In particular, taking a = 0, r = 1, z + t2 z̄ = 2t is the equation of the tangent
at the point t on the unit circle T .
Exercise. Show that the tangents at two distinct points on a circle intersect at a
point outside the circle. Show also that the point of intersection moves towards the
circle when the tangents begin to merge (!!). [Hint: use the parallelogram law.]
Proposition 1. Two tangents can be drawn to a circle from any point outside it.
Proof. For simplicity, we’ll assume the circle in question is the unit circle T . Suppose
w is any point outside this, so that |w| > 1. Then w belongs to some tangent to
T iff w + t2 w̄ = 2t for some t ∈ T . The latter equation is a quadratic in t. The
stated proposition follows once it can be shown that the roots of this quadratic are
distinct, and of unit modulus. In any event, since w =
6 0, the quadratic is a proper
one, and so has two roots given by the usual formula for the roots of a quadratic
polynomial, which in this case tells us that
p
p
1 ± i |w|2 − 1
1 ± 1 − |w|2
=
,
t=
w̄
w̄
the latter expression following from the fact that |w| > 1. Clearly, the roots are
distinct, and a simple calculation verifies that they are of unit modulus. So, if w
lies outside the unit circle, one can use this formula to determine two distinct turns,
and hence two tangents to T that pass through w.
Conversely, if, for some pair of distinct turns t1 , t2 , w lies on the corresponding
tangents, then w + t21 w̄ = 2t1 , and w + t22 w̄ = 2t2 , whence (t1 + t2 )w̄ = 2, and so, via
the parallelogram law,
4 = |t1 + t2 |2 |w̄|2 = (4 − |t1 − t2 |2 )|w|2 < 4|w|2 ,
which means that w is outside the unit circle.

3.5

The family of tangents to a circle

The family of tangent lines to the circle |z − a| = r, indexed by t ∈ T , is an interesting object. Can one recover the circle from it?
Adopting a naive approach, if one were to take a finite number of turns tn and draw
the corresponding lines, one would discover that they appear to bound a polygonal
region, which becomes more and more rotund as n increases. In the limit, one would
indeed appear to recover the circle. One can make this argument rigorous.
It raises a similar question about any family of lines: can one recover a curve some
or all of whose tangents are members of the given family? The answer is "yes" under
suitable assumptions about the family.
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Exercise. Suppose for each positive integer n, n2 x + y = n is the cartesian equation
of a line Ln . Sketch the lines Ln , n = 1, 2, . . . , 10. Describe the region that they
enclose in the first quadrant of the plane.
Exercise. What region in the first quadrant of the plane is enclosed by the family
of lines xa + yb = 1, where a, b are positive numbers such that ab = 1?

4

The distance formula

By definition, the modulus, |z|, of a complex number z = x + iy, with x, y real
numbers, is the square root of x2 + y 2 . Geometrically, this is the length of the
hypotenuse of the right-angled triangle with vertices (0, 0), (x, 0), and (x, y) in the
cartesian plane. In other words, |z| is the distance between the origin and z. Similarly, |a−b| is the distance between the complex numbers a, b. The triangle inequality
has a formulation in terms of complex numbers a, b, c, viz.,
|a − b| ≤ |a − c| + |c − b|,
with equality iff a, b, c are collinear.
Given a line z + τ z̄ = c, where |τ | = 1 and τ c̄ = c, and an arbitrary point p, the foot
of the perpendicular from p on this line is given by q = 12 (c + p − τ p̄). The point q
is also known as the projection of p on the line. First of all, q is on the line since
1
1
1
q + τ q̄ = (c + p − τ p̄ + τ c̄ + τ p̄ − τ τ̄ p) = (c + p − τ p̄ + τ c̄ + τ p̄ − p) = (c + τ c̄) = c.
2
2
2
Secondly,
1
1
1
q−τ q̄ = (c+p−τ p̄−τ c̄−τ p̄+τ τ̄ p) = (c+p−τ p̄−τ c̄−τ p̄+p) = (2p−2τ p̄) = p−τ p̄,
2
2
2
which puts q on the line through p that is perpendicular to the given one. In
addition, the distance from p to q is
1
|p − q| = |c − p − τ p̄|.
2
Claim: This does not exceed the distance between p and any other point r on the
given line. For, if r + τ r̄ = c, then
p − c + τ p̄
2
p − (r + τ r̄) + τ p̄
=
2
(p − r) + τ (p̄ − r̄)
=
,
2

p−q =

whence, by the triangle inequality for complex numbers,
|p − q| ≤

|p − r| + |τ | |p̄ − r̄|
= |p − r|.
2
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Thus, by definition, |p − q| is the shortest distance between p and the line, and
1
|c − p − τ p̄| is another version of the distance formula that determines the closest
2
distance from a point to a line. In particular, if p = 0, we see that |c|/2 is the
distance from the origin to the line; which gives a geometric meaning to c.

4.1

The reflection of a point in a line

The reflection of a point in a line, is the mirror image of the point in that line. More
precisely, w is the reflection of z in a line L, if (z + w)/2 ∈ L, and both points are
equidistant from L.
Example. The point c − τ z̄0 is the reflection of z0 in the line z + τ z̄ = c, where, as
usual, |τ | = 1 and τ c̄ = c. In particular, c is the reflection of 0 in the line.
Proof. Let ẑ0 be the reflection of z0 in the given line. Then ẑ0 is on the line
perpendicular to the given one that passes through z0 , so that
ẑ0 − τ ẑ0 = z0 − τ z̄0 .
In addition, (z0 + ẑ0 )/2 is on the given line, so that
z0 + ẑ0 + τ (z̄0 + ẑ0 ) = 2c.
By adding these two equations we deduce first that
2ẑ0 + z0 + τ z̄0 = 2c + z0 − τ z̄0 ,
and thence that ẑ0 = c − τ z̄0 as claimed.
Notice that ẑ0 and z0 are equidistant from the given line. This follows from the
distance formula since
c − ẑ0 − τ ẑ¯0 = τ z̄0 − τ (c̄ − τ̄ z0 ) = τ z̄0 − c + z0 = −(c − z0 − τ z̄0 ).

5

Triangles whose circumcircle is the unit circle

Every triangle has a circumscribing circle, i.e., a circle that passes through its vertices. By a series of simple transformations, we can always suppose that T is the
circumscribing circle, an approach that we adopt until further notice. The following
examples about some familiar properties related to a triangle are meant to illustrate
the efficacy of this approach, which is a neat idea promulgated by the Morleys in
their book “Inversive Geometry”. It is to be assumed in each of the examples and
propositions that ti , i = 1, 2, 3, are three distinct turns that are vertices of a triangle
ABC, and that si , i = 1, 2, 3, are their symmetric polynomials, i.e.,
s1 = t1 + t2 + t3 , , s2 = t1 t2 + t2 t3 + t3 t1 , s3 = t1 t2 t3 .
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Example. The feet of the three altitudes of ABC are the points
s1 s3 2
− t̄i , i = 1, 2, 3.
2
2
Proof. Let’s focus on the altitude from A which is represented by t1 . The equation
of the line BC is
z + t2 t3 z̄ = t2 + t3 .
Hence the foot h1 of the altitude from A, i.e., the projection of t1 on this line, is
equal to
1
1
h1 = (t2 + t3 + t1 − t2 t3 t̄1 ) = (s1 − s3 t̄21 ).
2
2
Similarly,
1
hi = (s1 − s3 t̄2i ), i = 2, 3,
2
whence the result.
Example. The altitudes meet at the point s1 .
Proof. The side BC has equation z + t2 t3 z̄ = t2 + t3 and so the altitude from A has
equation
z − t2 t3 z̄ = t1 − t2 t3 t̄1 = t1 − s3 t̄21 .
Similarly, the altitude from B has equation
z − t3 t1 z̄ = t2 − s3 t̄22 .
These lines concur at the point z where
t3 (t1 − t2 )z̄ = t1 − t2 + s3 (t̄22 − t̄21 ) = t1 − t2 + s3 (t̄1 t̄2 )2 (t21 − t22 ),
i.e.,
t3 z̄ = 1 + t3 t̄1 t̄2 (t1 + t2 ) = t3 (t̄3 + t̄1 + t̄2 ) = t3 s̄1 .
Hence z = s1 . Clearly, this also lies on the altitude from C.
Thus, s1 is the orthocentre of ABC.
Example. The area of ABC is given by
1
(ABC) = |(t1 − t2 )(t2 − t3 )(t3 − t1 )|,
4
which is one quarter of the product of the lengths of its three sides.
Proof. The distance from A to BC is equal to
1
|t1 − h1 | = |t1 − (s1 − s3 t̄21 )|
2
1 3
|2t1 − s1 t21 + s3 |
=
2
1 2
=
|2t − s1 t1 + t2 t3 |
2 1
1
=
|(t1 − t2 )(t1 − t3 )|,
2
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since
2a2 − (a + b + c)a + bc = a2 − a(b + c) + bc = (a − b)(a − c).
In other words, the length of the altitude from A is equal to 12 |t1 − t2 ||t1 − t3 |. Also,
the length of the side BC is |t2 − t3 |. Hence, the area of ABC is given by
1
1
1
(ABC) = |t2 − t3 | × |t1 − h1 | = |(t1 − t2 )(t2 − t3 )(t3 − t1 )|.
2
2
4
Corollary 1.
1
sin A = |t2 − t3 |.
2
Proof. For—in perhaps a more familar form—the area is equal to one half of the
product of the lengths of two sides and the sine of the included angle, and so, in
particular,
1
1
(ABC) = bc sin A = |t1 − t2 ||t1 − t3 | sin A.
2
2
Hence, the result follows, with similar expressions for sin B and sin C.
Corollary 2.
1
| cos A| = |t2 + t3 |.
2
Proof.
cos2 A = 1 − sin2 A
1
= 1 − |t2 − t3 |2
4

1
2
= 1−
4 − |t2 + t3 |
4
1
|t2 + t3 |2 ,
=
4
by the parallelogram law.
Exercise. Show that
cos 2A = <{t2 t̄3 }.
Exercise. Show that
(ABC) = 2 sin A sin B sin C.

6
6.1

Four elementary geometric propositions
Results about medians

The clinant of the line joining A to the mid-point of BC is equal to
t1 −
t̄1 −

t2 +t3
2
t̄2 +t̄3
2

=

3t1 − s1
:= m.
3t̄1 − s̄1
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Hence the equation of this median is given by z − mz̄ = t1 − mt̄1 . Notice that s1 /3
is on this line:
s1 (3t̄1 − s̄1 ) − (3t1 − s1 )s̄1
3t̄1 − s̄1
3s1 t̄1 − 3t1 s̄1
=
3t̄ − s̄1
 1

3 t1 (3t̄1 − s̄1 ) − (3t1 − s1 )t̄1
=
3t̄1 − s̄1
= 3(t1 − mt̄1 ),

s1 − ms̄1 =

as required. In the same way the median lines emanating from B and C contain
s1 /3. In other words, the medians concur at s1 /3, which means that this is the
centroid of ABC.
Proposition 2. The medians from B and C to the opposite sides, respectively, are
equal in length iff ABC is isosceles.
Proof. The distance from B to the mid-point of AC is equal to
|t2 −

t1 + t3
1
| = |s1 − 3t2 |,
2
2

while the distance from C to the mid-point of AB is equal to
|t3 −

t1 + t2
1
| = |s1 − 3t3 |.
2
2

Hence, the medians are equal in length iff |s1 − 3t2 | = |s1 − 3t3 |, equivalently, iff
|s1 |2 − 6<{t2 s̄1 } + 9 = |s1 |2 − 6<{t3 s̄1 } + 9, i.e., <{(t2 − t3 )s̄1 } = 0.
Now
(t2 − t3 )s̄1 = (t2 − t3 )(t̄2 + t̄3 + t̄1 ) = t2 t̄3 − t3 t̄2 + (t2 − t3 )t̄1 ,
since |t2 |2 = |t3 |2 = 1, so that
0 = <{(t2 − t3 )s̄1 } = <{(t2 − t3 )t̄1 },
equivalently,
|t1 − t2 |2 = 2 − 2<{t2 t̄1 } = 2 − 2<{t3 t̄1 } = |t1 − t3 |2 ,
i.e., iff AB and AC are equal in length.
Proposition 3. The incentre of ABC coincides with its circumcentre iff ABC is
equilateral
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Proof. Suppose the triangle is equilateral. Then
|t1 − t2 | = |t2 − t3 | = |t3 − t1 |.
Equivalently, by the parallelogram law
|t1 + t2 | = |t2 + t3 | = |t3 + t1 |.
By the distance formula, this means that O is equidistant from the sides of ABC.
In other words, O, its circumcentre, is also its incentre. These steps are
clearly reversible. Hence the result.

6.2

Some results about isosceles triangles

Proposition 4. The sides AB and AC are equal in length iff t21 = t2 t3 .
Proof. The lengths of AB and AC are |t1 − t2 | and |t1 − t3 |, respectively. These are
equal iff their squares are. But
|t1 − t2 |2 = |t1 |2 − t1 t̄2 − t̄1 t2 + |t2 |2 = 2 − t1 t̄2 − t̄1 t2 .
Hence, |t1 − t2 | = |t1 − t3 |, iff
t1 t̄2 + t̄1 t2 = t1 t̄3 + t̄1 t3 ,
i.e.,
t21 t̄2 + t2 = t21 t̄3 + t3 , or t21 (t̄2 − t̄3 ) = t3 − t2 ,
equivalently, t21 = t2 t3 .
Proposition 5. The altitude from A bisects the side BC iff the sides AB and AC
are equal in length.
Proof. The equation of the altitude from A is given by z − t2 t3 z̄ = t1 − t2 t3 t̄1 , while
z + tt t3 z̄ = t2 + t3 is the equation of the side BC. These lines intersect at the point
z given by
2z = t1 − t2 t3 t̄1 + t2 + t3 .
This point is the mid-point of BC iff t1 = t2 t3 t̄1 , i.e., t21 = t2 t3 , which is equivalent
to the claim.

7
7.1

A few advanced topics
The Euler line

Consider the equation of the line through the centroid and orthocentre of ABC
whose vertices are the turns t1 , t2 , t3 , as before. Its clinant is
s1 − 31 s1
s1
= ,
1
s̄1
s̄1 − 3 s̄1
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which is clearly also the clinant of the line through s1 and O, the circumcentre.
In other words, the centroid, the circumcentre and the orthocentre of ABC lie on
the same straight line. This is known as its Euler line. The complex form of its
equation is
s1
z − z̄ = 0.
s̄1
Proposition 6. The Euler line of ABC is parallel to the altitude from A iff the
sides AB and AC are equal in length.
Proof. The clinant of the Euler line is s1 /s̄1 , while t2 t3 is the clinant of any line
perpendicular to BC. Hence, the Euler line and the altitude from A are parallel iff
their clinants are equal, i.e., iff
s1 = t2 t3 s̄1 = t2 t3 (t̄1 + t̄2 + t̄3 ) = t2 t3 t̄1 + t3 + t2 ,
i.e., t1 = t2 t3 t̄1 , or t21 = t2 t3 , which is true iff the sides AB and AC are equal in
length.

7.2

The nine-point circle

Proposition 7. The centre of the circle that passes through the mid-points of the
sides of ABC is s1 /2. Its radius is 1/2.
Proof. The three mid-points are
m1 = (t1 + t2 )/2, m2 = (t2 + t3 )/2, m3 = (t3 + t1 )/2,
and so

1
1
s1
− mi | = |ti | = , i = 1, 2, 3.
2
2
2
Thus, for i = 1, 2, 3, mi is on the circle
|

|z −

s1
1
|= ,
2
2

the circumcircle of the triangle whose vertices are the mid-points of the sides of
ABC.
Proposition 8. The feet of the altitudes of ABC are also on the circle that passes
through the mid-points of the sides of ABC.
Proof. For, e.g.,
|h1 −

s1
s1 s3
s1
t1 t2 t3 t̄21
1
| = | − t̄21 − | = |
|= .
2
2
2
2
2
2

The circle just discussed that contains the mid-points of the sides of a triangle, and
the feet of its altitudes, is sometimes referred to as the six-point circle, but is more
commonly called the nine-point circle of ABC.
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7.3

Wallace-Simson lines of a triangle

The three equations
z + t1 t2 z̄ = t1 + t2 , z + t2 t3 z̄ = t2 + t3 , z + t3 t1 z̄ = t3 + t1
are those of the sides of ABC. If t ∈ T , the numbers p, q, r, defined by
2pt = t2 + (t1 + t2 )t − t1 t2 , 2qt = t2 + (t2 + t3 )t − t2 t3 , 2rt = t2 + (t3 + t1 )t − t3 t1
are respectively the feet of the perpendiculars from t onto these lines. Because, e.g.,
the equation of the line through t that is perpendicular to the first line is
z − t1t2z¯ = t − t1t2¯t,
and this cuts that line when
2z = t1 + t2 + t − t1 t2 t̄ = t̄(t2 + (t1 + t2 )t − t1 t2 ).
Since
2t(p − q) = (t1 − t3 )t − t1 t2 + t2 t3 = (t1 − t3 )(t − t2 ),
so that

(t1 − t3 )(t − t2 )
,
tt1 t2 t3
the clinant of the line through p, q is given by
2t̄(p̄ − q̄) =

p−q
= t̄t1 t2 t3 = t̄s3 .
p̄ − q̄
By symmetry, this is also the clinant of the line through q, r. Hence the points p, q, r
are collinear. They are on the line L(t) whose equation is
z − t̄s3 z̄ = p − t̄s3 p̄.
Since from above p = (t + t1 + t2 − t1 t2 t̄)/2,
2(p − t̄s3 p̄) = t + t1 + t2 − t1 t2 t̄ − t1 t2 t3 (t̄2 − (t̄1 + t̄2 ) − t̄1 t̄2 )
= t + t1 + t2 − t1 t2 t̄ − t1 t2 t3 t̄2 − (t1 t3 + t2 t3 )t̄ + t3
= t + s1 − s2 t̄ − s3 t̄2 .
Hence, the equation of the line L(t) can be written in a symmetric form as
1
z − t̄s3 z̄ = (t + s1 − s2 t̄ − s3 t̄2 ).
2
This line is called the Wallace-Simson line of ABC associated with the particular
turn t. Allowing t to vary within T , we generate a family of straight lines {L(t) :
t ∈ T } associated with ABC.
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7.4

The deltoid

Are the Wallace-Simson lines by any chance tangent lines to some curve? In fact, all
but three of them coincide with the tangents to a three-cusped hypocycloid, called
a deltoid, a closed curve with three cusps. It is a union of three equilength loops,
that are joined at the cusps, and resembles a curvilinear equilateral triangle, which
gives it its name. A Google search will reveal its shape. It is a member of a chain
of cusped hypocycloids. Analytically, it is the image of T under the map
t1 t2 t3 2
1
t1 + t2 + t3
+t+
t̄ , t ∈ T.
z(t) = (s1 + 2t + s3 t̄2 ) =
2
2
2
(For instance, if s1 = 0, s3 = −1, the resulting curve is the set of points {(x(θ), y(θ)) :
θ ∈ [0, 2π]}, where
x(θ) = cos θ −

1
1
cos 2θ, y(θ) = sin θ + sin 2θ, −∞ < θ < ∞.)
2
2

Its cusps are given by the turns t for which z 0 (t) = 0, and so where t3 = s3 . Note
too that the constant term s1 /2 is the centre of the nine-point circle whose equation
is |z − s23 | = 12 . Hence, if t ∈ T , the point (s1 + 2t + s3 t̄2 )/2 on the deltoid, lies on
the nine-point circle iff
|2t + s3 t̄2 | = 1, i.e., |2t3 + s3 | = 1,
the solutions of which satisfy the simple cubic equation t3 = −s3 . This is so because
if |u| = 1, then |2u + 1| = 1 iff u = −1. Thus, the nine-point circle touches the
deltoid at three points.
To sum up: the nine-point circle of a triangle is inscribed in the deltoid generated by
its family of Wallace-Simson lines. This result appears to have been first discovered
by Jacob Steiner in the nineteenth century.
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60th Maths Olympiad
Ronan McGreevy, Irish Times July 25, 2019

A County Limerick-based student has become only the second person to win a silver medal
for Ireland at the world’s most prestigious second-level mathematics competition. Lucas
Bachmann (19), a 6th year student at Glenstal Abbey in Co Limerick, was one of 621 contestants
from 112 countries who competed in the International Mathematical Olympiad (IMO) in
Bath, England. The annual competition attracts the brightest mathematical brains on the planet. It
is regarded as a source of national prestige in Asia in particular, with China, South Korea, North
Korea and Thailand prominent among the countries participating.
Mr Bachmann was part of the six-person Irish team selected after sitting two mathematical papers
at home. He was born and brought up in Switzerland and then lived in China before his family
relocated to Ireland for work purposes four years ago. He previously won a bronze medal at the
competition and hoped to win gold this time around but was stumped by question about positive
integers.

“It was one of those simple questions that had a trick to it in order to solve it. Now I know the
trick,” he said. “Everything I have done over the last four years has truly cemented me in
participating in this. Computer science had been my favourite subject. That was not a subject I
was offered at school in Ireland. Mathematics took over for me then.”

Page 32

IMTA Newsletter 118, 2020

In the three weeks leading up to the Olympiad, he did mathematics training camps with the other
Irish participants. “I would say that it is not something that any ordinary student could come in
and ace. You need a lot of preparation to even understand the questions. ”Having now studied in
three countries, Mr Bachmann says maths in Irish schools is too easy and involves “remembering
all the information before exams and then spitting it out”. He said this was not in keeping with the
analytical thinking needed to take part in the Olympiad.
The only previous time a student from Ireland gained a silver medal at the Olympiad was Fiachra
Knox in 2005. Ireland has participated since 1988. Laura Cosgrave from Midleton College in Co.
Cork and Tianyiwa Xie from Alexandra College in Dublin received honourable mentions for their
efforts at the competition in Bath.
Three members of the Irish team were born in China, meaning four of the six participants began
their mathematical education abroad.
Ireland finished 71st out of 112 countries, an improvement on past performances. Dr Bernd
Kreussler, of Mary Immaculate College in Limerick, who runs the Irish Olympiad, said the
predominence of foreign-born students participating for Ireland in recent years reflects on how
maths is taught in Irish schools. “Students who have had their basic education in a school in other
countries are much better in dealing with these kind of problems,” he explained. “In standard
schoolbook situation when you are given a problem, you know exactly what to do. You have to
be very creative to solve the problems in the Olympiad. This is obviously not something we are
well trained at in Ireland.”

Problem 1, 2 and 3 were given on the first day

Time allowed: 4 hours and 30 minutes

Problem 1. Let Z be the set of integers. Determine all functions f : Z → Z such that, for all
integers a and b,
f (2a) + 2f (b) = f (f (a + b)).
Problem 2. In triangle ABC, point A1 lies on side BC and point B1 lies on side AC. Let P and Q
be points on segments AA1 and BB1, respectively, such that PQ is parallel to AB. Let P1 be a point
on line P B1 , such that B1 lies strictly between P and P1, and ∠P P1 C = ∠BAC. Similarly, let Q1
be a point on line QA1, such that A1 lies strictly between Q and Q1, and ∠CQ1Q = ∠CBA.
Prove that points P , Q, P1, and Q1 are concyclic.
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Problem 3. A social network has 2019 users, some pairs of whom are friends. Whenever user A is
friends with user B, user B is also friends with user A. Events of the following kind may happen
repeatedly, one at a time:
Three users A, B, and C such that A is friends with both B and C, but B and C are not friends,
change their friendship statuses such that B and C are now friends, but A is no longer friends with B,
and no longer friends with C. All other friendship statuses are unchanged.
Initially, 1010 users have 1009 friends each, and 1009 users have 1010 friends each. Prove that there
exists a sequence of such events after which each user is friends with at most one other user.

Problem 4, 5 and 6 were given on the second day

Time allowed: 4 hours and 30 minutes

Problem 4. Find all pairs (k, n) of positive integers such that
k! = (2n − 1)(2n − 2)(2n − 4) · · · (2n − 2n−1).
Problem 5. The Bank of Bath issues coins with an H on one side and a T on the other. Harry has n
of these coins arranged in a line from left to right. He repeatedly performs the following operation: if
there are exactly k > 0 coins showing H, then he turns over the kth coin from the left; otherwise,
all coins show T and he stops. For example, if n = 3 the process starting with the configuration
THT would be THT → HHT → HTT → T T T , which stops after three operations.
(a)

Show that, for each initial configuration, Harry stops after a finite number of operations.

(b)

For each initial configuration C, let L(C) be the number of operations before Harry stops.

For example, L(T HT ) = 3 and L(TTT ) = 0. Determine the average value of L(C) over all 2n
possible initial configurations C.
Problem 6. Let I be the incentre of acute triangle ABC with AB ≠ AC. The incircle ω of ABC
is tangent to sides BC, CA, and AB at D, E, and F , respectively. The line through D
perpendicular to EF meets ω again at R. Line AR meets ω again at P. The circumcircles of
triangles PCE and PBF meet again at Q.
Prove that lines DI and PQ meet on the line through A perpendicular to AI.
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Peter’s Problem 2020
Problem No. 1
A car travels 24 860 km. The driver rotated the 5 tyres (spare wheel included) so that each
tyre got equal wear. How many kilometres did each tyre travel?
Problem No. 2
Using a certain code two of the words GLARE, LARGE and REGAL are written as 52314 and
41532.
(i)
(ii)

What is the third word which is not written in the code?
What word would be represented by the code 21325?

Problem No. 3
Log on to the website www.engineersweek.ie.
Click on the tab ‘Get Involved’, select ‘Secondary Schools’ and view the video
‘Women in Engineering’.
How many engineers were named in the video?

Problem No. 4
A 24-hour digital clock shows 6 numbers for hours, minutes and seconds.
How many times in any 24 hours do all 6 digits change at the same time?

Problem No. 5
An electricity meter reads 58273. All digits are different. How many more units of electricity
will have been used when the other 5 digits are first displayed together?

Problem No. 6
If the density of gold is 19.3 tonnes per m3 and the price of gold is €44 per gram, find the
value of a cube of gold the edges of which are 5cm long.

Problem No. 7
If you were to count the digits in the page numbers in a book, starting at Page 1, on what
page would you be when you reached the 2020th digit?
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Peter’s Problem 2020
Problem No. 8
For how many integers, n. is

n
also an integer?
100 − n

Problem No. 9
The diagram shows a pentagon ABCDE. The angles at A, B and C are right angles. The
lengths |AE| and |ED| are equal.
E

A

D

16 cm

11 cm

B

C
15 cm

Find the area of the pentagon in the form a bc .

Problem No. 10
Show that if p is a prime number greater than 3, then p2 – 1 is always divisible by 24
with no remainder?

Problem No. 11
You have 10 stacks of 10 gold coins. All of the coins in one of these stacks are counterfeit;
all the other coins are not. A real coin weighs 10 grams. A counterfeit coin weighs 11
grams. You have a modern digital scale that provides an accurate readout.
How can the fake pile be identified in one weighing?

Problem No. 12
How many 3- digit numbers are there where the sum of the three digits is 10?
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Peter’s Problem 2020
Problem No. 13
Peter cycles a journey on a Greenway at an average speed of 12 km per hour. He returns to
his starting point at an average speed of 20 km per hour with the wind at his back. What is
his average speed for both journeys?

Problem No. 14
Each of the symbols represents a number. The addition totals for each row and column
are given, except one.

Σ
λ

Π
Π

Π
Σ

Σ
λ

26
25

Ω

Ω

Ω

Ω

?

λ
21

Π
32

Σ
22

Π 28
24
Find the number represented by the ? symbol.
Problem No. 15
Choose any 3-digit number where there is a difference of more than 1 between the first
and third digits.
Reverse the order of all 3 digits in your number and subtract the smaller number from
the greater number.
Reverse the order of all 3 digits in your answer and add these two numbers. The answer
is always 1089.
Why?
Problem No. 16
What is the next letter in the list A, C, G, M….?
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Peter’s Problem 2020
Problem No. 17
I have two types of square tiles – one of side 1cm long and the other of side 2cm long.
What is the area of the smallest square that I can form using equal numbers of each of the
types of tile?

Problem No. 18
A brother and sister have asked their parents to put money aside for them for Christmas.
Their parents said that they would put money aside for them every Saturday from when
they returned to school on August 26th 2015 until they would go shopping on December
8th 2015.
They offer them the choice of saving €1 for the first week, €2 the second week, €3 the
third week and so on for each of the children or, 1 cent the first week, 2 cents the second
week, 4 cents the third week and so on for the children to share equally.
The children chose the first option.
(i) How much did each child get for their Christmas shopping on December 8th?
(ii) How much more would have been saved for each of them if they had chosen the other
option? Give the answer correct to the nearest 5 cent.

Problem No. 19
I want to buy a car in Northern Ireland and I respond to the following advertisement:
FOR SALE: 2015 (Feb) Ford Focus 2.0, jet black, Titanium 145ps,
automatic transmission, petrol engine, 5 door hatchback,
56789 miles. One careful owner. £10,500. No offers.
Vehicle Registration Tax (VRT) must be paid.
Use the internet to calculate
(a)
(b)
(c)
(d)

the percentage rate of VRT quoted
the Current OMSP (Open Market Selling Price)
the amount of VRT calculated
the net cost of the car in Euro, correct to the nearest euro, given that the exchange
rate is €1 = 89p Sterling.
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Peter’s Problem 2020
Problem No. 20
In the following diagram which is bigger, Area 1, the striped area between the circle and
the outer square or Area 2, the solid coloured area between the circle and the inner
square?

Problem No. 21
Two congruent rectangles have a common vertex and overlap, as shown in the diagram.

Find the area of the drawing that is not common to both rectangles. Note: All measurements
are in cm.
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Visualising Sums of Integers
Ronan Flatley

Introduction
You may already be familiar with the well-worn anecdote about how a 7-year-old
Gauss astonished his schoolmaster by computing the sum of the whole numbers
from 1 to 100 in jigtime. For an entertaining and critical examination of this story,
see [1]. Assuming that this event actually did take place, it seems likely that the
boy Gauss arrived at the answer 5050 using one of the following four methods:
(i) By observing that the average of the 100 numbers is
1 + 100
= 50.5
2

or

50 + 51
= 50.5
2

and multiplying this by 100 to get the answer. See Figure 1.

Average

1

2

3

49

50

51

52

98

99

100

Figure 1: Average of the numbers from 1 to 100 is 50.5
(ii) By writing the sum out on one line and then “folding” it in two. The last
number, 100, folds onto the first number, 1, the second last number, 99,
folds onto 2, and so on until 51 folds onto 50. There are 50 such pairs, each
summing to 101, which gives the answer 50 × 101 = 5050. See Figure 2.
1

2

3

4

5

46

47

48

49

50

100

99

98

97

96

55

54

53

52

51

Figure 2: Folding the sum into pairs
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(iii) By writing out the sum S on one line and then rewriting it backwards on
the line below so that 100 appears under 1, 99 under 2, and so on until 1
appears under 100:
S = 1 + 2 + 3 + 4 + 5 + . . . + 96 + 97 + 98 + 99 + 100
S = 100 + 99 + 98 + 97 + 96 + . . . + 5 + 4 + 3 + 2 + 1
2S = 101 + 101 + 101 + 101 + 101 + . . . + 101 + 101 + 101 + 101 + 101
It is clear that twice the sum, 2S, equals the sum of 100 pairs of numbers, each pair
itself summing to 101. From this we conclude that S = 21 (100 × 101) = 5050
(iv) By representing each number by a row of dots and arranging them into a
right triangle as in the example shown in Figure 3:
1
2
3
4
5
6
Figure 3: Triangle of dots for 1 + 2 + 3 + 4 + 5 + 6
Referring to Figure 4, we start with the original triangle representing the
sum S = 1 + 2 + 3 + 4 + 5 + 6, and then duplicate it by reflecting it in
its hypotenuse to get the triangle displayed on the right of the plus sign.
Summing the triangles gives the 6 × 7 rectangle shown. Then 2S = 6 × 7,
giving S = 21 (6 × 7).
1
2
3
4
5
6

+

6
5
4
3
2
1

=

Figure 4: Duplicating the triangle and summing the dots

7
7
7
7
7
7
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Each of the methods mentioned above can be generalised to yield the following
formula for the sum of the first N natural numbers:
1 + 2 + 3 + ... + N =

N (N + 1)
.
2

As you may already have noticed, each of the four methods relies on a significant
visual element and so can be considered, in that sense, a visual proof. A visual
proof usually consists of a diagram or diagrams accompanied by words, which
together help persuade us of the truth of a certain proposition. It often does not
mean proof in the proper sense of the word. Visual proofs are useful precisely
because they can provide insight into mathematical truth. In the next section we
present a visual proof of a formula for the sum of the first N square numbers.

Summing the first N square numbers
We seek a formula for the sum Q of the first N square numbers
Q = 12 + 22 + 32 + . . . + N 2
using visual methods inspired by those seen in the introduction.
We start with the example sum Q4 = 12 + 22 + 32 + 42 . We can arrange this
sum into an equilateral triangle of numbers, as in Figure 5, with each row of the
triangle representing a summand of Q4 . For example, the three 3s of the third row
represent the third term in the sum, 32 .
1
2
3
4

2
3

4

3
4

4

Figure 5: Triangle for the sum 12 + 22 + 32 + 42

In method (iv) above, we used duplication. Here we employ triplication, making
two more copies of the triangle by rotating it anticlockwise about its centre through
120◦ and 240◦ , respectively, as shown in Figure 6.
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1
2

4

<

2

3

4

<

4

◦

3
4

3
4

120

3
4

4

3

◦

2

4

1

3
2

120

4
3

4

4

4

3
3

2
2

1

Figure 6: Making three copies of the sum 12 + 22 + 32 + 42
Now we equate 3Q4 with the sum of these three triangles. Here, summing
triangles means adding the corresponding entries at each position. We get
1
2
3
4

4

3
4

+

2

3

3
4

2
4

1

4

3
2

+

4

4

4
3

4
4

4

9

3
3

=

3

9

2
2

9
1

9

9
9

9

9
9

9

Figure 7: Adding three copies of the sum 12 + 22 + 32 + 42
We see that at each position the sum is 9, giving a resultant triangle of 9s. We
can now easily calculate Q4 since
3Q4 = number of nodes in resultant triangle × 9
4×5
=
× 9, using the counting method (iv) seen in the introduction
2
4×5×9
=
.
2
Therefore, Q4 =

4×5×9
6

= 30.

It is no accident that all positions sum to the same number, 9, in the example
1 + 22 + 32 + 42 . We generalise this result for all sums Q = 12 + 22 + 32 + · · · + N 2
in the next proposition where we show that in the resultant triangle for 3Q, the
sum at each position equals 2N + 1. The proof is different to that given in [2],
although both proofs use triplication.
2

Proposition. We have
12 + 22 + 32 + . . . + N 2 =
for all natural numbers N .

N (N + 1)(2N + 1)
,
6
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Proof. Let Q = 12 + 22 + 32 + . . . + N2. We arrange each of the summands of Q, i.e.
12, 22, 32, etc., into its own row of a triangle as follows:
1
2

2

3 3 3
4 4 4 4
..
..
.
.
N N ...... N
In Figure 8 we show each entry in the triangle above as a node, which is assigned a pair
of coordinates. The first coordinate represents the entry, or equivalently, the number of the
row in which the entry appears. The second coordinate represents the number of the
diagonal in which the entry appears.
1st row
2nd row
3rd row

(1,1)

(2,1)

(3,2)

(3,3)

al
al

(j,j)

gon

al

gon
(i,j)

j th

dia

gon
dia

dia

(i,1)

3 rd

ith row

2 nd

1 st

dia

gon

al

(3,1)

(2,2)

N th row

(N ,1)

(N ,2)

(N ,3)

(N ,j)

(N ,N )

Figure 8: Nodes with coordinates
Let us represent a typical node in the triangle by its coordinates (i, j). In the
diagram this node is drawn with a thick outline. It is the jth copy of the number i in
the i-sum i + i + . . . + i = i2.
In the triplication procedure we rotate the triangle through two angles about its
centre: through 120◦ and 240◦. Figure 9 shows the triangle before rotation, on the left,
alongside its image after the 120◦ rotation, on the right. The images of the vertices of the
triangle are clear: the node (1, 1) has image (N, 1), the node (N, 1)
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has image (N, N) and the node (N, N) has image (1, 1). We want to compute the image of a
typical node (i, j) under this rotation. We note that the node lies on the jth diagonal which,
under rotation, becomes the (N − j + 1)st row of the triangle on the right. Then it is easy to
compute that the image of the node (i, j), marked (?, ?) in the rotated triangle, has
coordinates (N − j + 1, i − j + 1).

1st row
2nd row
3rd row

1st row

(1,1)

(2,1)

(3,2)

2nd row

(2,1)

(2,2)

120◦

(3,3)

dia
gon
al
dia
gon
3 rd
al
dia
gon
al
j th
dia
gon
al

(3,1)

<

(2,2)

(1,1)

(N −j +1)st
row

(?,?)

(i,1)

(N ,1)

(N ,2)

2 nd

1 st

(j,j)

(N ,3)

(i,j)

(N ,j)

(N ,N)

(N ,1)

(N ,2)

(N ,3)

(N ,j)

Figure 9: Triangle and its image under rotation through 120◦
Under a further rotation through 120◦ , the image of (N − j + 1, i − j + 1) is
(N − (i − j + 1) + 1, (N − j + 1) − (i − j + 1) + 1) = (N − i + j, N − i + 1).

(N -j+1,i-j+1)

(N -i+j,N -i+1)

(i, j)

Figure 10: Images of a typical node (i, j) under triplication

(N ,N)
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Figure 10 shows that the node (i, j) has the node (N − j + 1, i − j + 1) as its image
under rotation through 120◦ and the node (N − i + j, N − i + 1) as its image under rotation
through 240◦. Adding the first coordinates of the three nodes gives the value of the
corresponding entry in the resultant triangle:
i + (N − j + 1) + (N − i + j) = 2N + 1
for all i, j with 1 ≤ j ≤ i ≤ N, yielding a resultant triangle with all entries equal to 2N + 1.
Therefore,
3Q = number of nodes in resultant triangle × (2N + 1)
N (N + 1)
=
× (2N + 1)
2
N (N + 1)(2N + 1)
=⇒ Q =
.
6

Conclusion
There are many beautiful visual proofs of identities for sums of integers. You can see
several such examples in [2]. Examples of visual proofs from various topics (geometry,
algebra, trigonometry, calculus, sequences and series, inequalities) are to be found in [3].
Figure 11 shows, by “stacking corners”, that the sum of the first 10 odd numbers is 102. In
fact, the sum of the first N odd numbers is N2, for any natural number N. In [4], we see
that by extending this technique to three dimensions, the formula for the sum of squares is
obtained.

1 3 5 7 9 11 13 15 17 19

1 + 3 + 5 + 7 + 9 + 11 + 13 + 15 + 17 + 19 = 10 × 10
Figure 11: Method of “stacking corners”
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Several sums of integers mentioned here are first seen in the classroom only when proof
by mathematical induction is introduced. Certainly the sum of the first N square numbers is
such a case. Proving the formula for this sum is used as a classic example of a proof by
induction. Arguably, the typical student would benefit greatly if they saw a visual argument
as to why the identity should hold before engaging with an abstract inductive proof.

Finally, seeing and creating visual proofs of formulae for sums of integers will
certainly enhance the student’s knowledge and skill, consequently making their learning
more enjoyable. Posing the following problem might be a good starting point.

Challenge: Find a visual proof of the identity
1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + 9 + 8 + 7 + 6 + 5 + 4 + 3 + 2 + 1 = 100.
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Transposition of formulae:
the challenge of not 'moving'
Maryna Lishchynska, Catherine Palmer and Julie Crowley
One sunny afternoon two new mothers, coincidentally Maths Educators, met in a cafe, their babies
sleeping peacefully in strollers 1. Over tea, the conversation evolved from baby food and sleeping
patterns, to life in general and onto work matters. You see, prior to their maternity leave, both Julie
and Catherine happened to be involved with the Academic Learning Centre at Cork Institute of
Technology, helping students with all maths matters. The two were wondering why some topics
were particularly hard for the students and how rearranging equations (also known as transposition
of formulae) was one of the milestones many just could not grasp.
To a maths educator, the concept of transposition seems well defined and methodical: do the same
to both sides of the equation and apply inverse operations to remove various entities until the
subject of the equation is isolated. Yet the calamity of errors observed in students' work is
alarming. Some of the errors observed do not make any sense and cannot be explained by algebraic
misconceptions alone. Why are students 'mutilating' equations in such strange ways?! What kind
of thought process do they follow and how do they justify it?
While analysing student errors, as well as talking to the students, it became apparent that some are
not applying any concepts and principles of rearranging equations. Instead, they are 'moving'
entities across equations in a random fashion (see some examples in the figure). When asked about
this the students often have a rather bewildered tone to their reply: "isn't this what you are supposed
to do?" How do they come to think that this is the way?

While talking to colleagues, we realised that there is significant variation in the language we use
around rearranging equations. Indeed some of us habitually use the words 'moving', 'shifting',
'bringing across'. Could it be that this terminology, when used in class, and heard over and
overagain by the students, seeds the wrong idea of the principles of transposition?

1

Okay okay! Perhaps the part about the babies sleeping peacefully in strollers is not entirely true!

Page 48

IMTA Newsletter 118, 2020

It seems that it does, and especially so with the students who have not yet grasped the concept of
transposition fully.
Following this realisation, we and other educators in the department agreed to 'watch our
language'. The table below shows how the same transposition problem can be worked through
with and without the use of unhelpful language. We are now actively trying to avoid words such
as ‘move’, ‘shift’, ‘bring over’ and similar but instead use ‘get rid of’, ‘remove’, ‘have … on the
other side of equation’, ‘add … to both sides of the equation’, ‘divide both sides of the
equation by …’. The bottom line is: we do not ‘move’ anything. We do the same thing to both
sides of an equation in order to ‘get rid of’ things which are in the way. In addition to using
appropriate language ourselves, we also step in and correct a student who is using misleading
language in class to prevent the spread of unhelpful language amongst their peers.
Scenario 1: unhelpful

Whiteboard

language
“I move 5 to the left side and b =
2a + 5
it changes the sign”.

a=
?

“We bring the 2 across the b − 5 =
2a
equals sign and divide by it”.

b −5
=a
2

Scenario 2 : language that is
not misleading

“I want to have 5 on the left
side of equation. What should
I do? Subtract 5 from both
sides.”
“Now I want to get rid of 2.
How
do
I
remove
multiplication by 2? Divide
both sides by 2.”

We recognise that the use of appropriate language will not solve all problems surrounding the
topic of transposition but hope that it will prevent some misconceptions and will open up space
for the true concepts to settle in. We also realise that our efforts alone cannot effect a significant
change. When students enter third level college, the idea of 'moving' can already be firmly formed
in their minds and such habits can be very hard, if not impossible, to break. The process of change
needs to start much earlier than college, in school.
Dear fellow Maths Educators, we are optimistic that together we can make a difference, and we
call upon you to accept this challenge and join us in adopting the ‘good language of transposition’.
It is only for the benefit of all students, their professional careers and our future as a numerate
society!
If you have any comments or would like to discuss this topic further please get in touch via email
catherine.palmer@cit.ie. More information on our work on transposition of formulae is here.
Maryna Lishchynska, Catherine Palmer and Julie Crowley
Department of Mathematics, Cork Institute of Technology
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A little-used formula
Paul Holland

x=

−b ± b 2 − 4ac
2a

We’re well aware of the formula that solves quadratic equations, or should be. I recall idly
wondering in my early days whether a similar formula existed for dealing with cubic equations.
If it did, it would have to be complicated. It transpires that there is indeed a formula, but it has
its limitations.
Consider a cubic equation of the form x 3 + px − q =
0.
Centuries ago, mathematicians derived a formula to solve it x =
2

=
δ
where

3

q
q
+δ + 3 −δ
2
2

3

q  p
  +  .
2  3 

To solve an equation, identify the values of p and q. Find the value of ẟ, then proceed to calculate
x (less chance of numerical slips if the calculation is done in stages).
Example 1
Let’s solve the simple equation x 3 + 1 =
0 using the cubic equation formula (yes we can all do that
problem in our heads but this exercise is for familiarisation with the process)

1
 −1   0 
  + = .
2
 2  3
2

p = 0 and q = – 1 and then δ=

3

Now use the value for ẟ to find x:
3
x=

−1 1 3 −1 1
+ +
− =
−1
2 2
2 2

Note this implies (x + 1) is a factor of the cubic expression. We can fully factorise and rewrite the
equation as ( x + 1)( x 2 − x + 1) =
0
Solving the quadratic using the quadratic equation formula yields two complex roots which our
cubic equation formula didn’t hint at. Mathematicians were flummoxed by the troublesome
quadratic but that was centuries ago before the nettle of the square roots of negative numbers had
been grasped.
As an exercise, use the cubic equation formula to solve the equation x3 − 1 =0.
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Example 2
Solve the equation x3 + 2 x + 3 =
0.

 −3   2  5 33
  +  =
18
 2  3
2

p = 2 and q = – 3 and then δ=

3

Now use the value for ẟ to find x:
−3 5 33 3 −3 5 33
3
x=
+
+
−
=
−1 (using a calculator)
2
18
2
18

Here we might pause and wonder that – 1 can be represented in such an intricate surd form. As an
exercise, you could try solving x 3 + 2 x − 3 =
0 to get a surd representation of 1.
We note once again that we can rewrite the equation as ( x + 1)( x 2 − x + 3) =
0.
We have one real and two complex roots.
Example 3
Consider the function f ( x) = x3 − 8 x − 3.
By drawing a graph of f ( x) in the domain −3 ≤ x ≤ 3, or conventional trial and error with
factorisation, we can quickly establish that there are three real roots to the equation
x3 − 8 x − 3 =
0.

Let’s apply our cubic equation formula.

 3   −8 
p = – 8 and q = 3 and then δ =   +   =
2  3 
2

3

−1805
108

And we’re in trouble!
Without a pretty good knowledge of complex numbers, our formula has clearly failed us. It’s a
complicated formula that works some of the time which is probably why it’s not on the Leaving
Certificate course! That doesn’t mean it’s worthless – mathematics is full of things that only work
to a point, such as Natural Numbers. And one might consider exploring the above number using
De Moivre’s Theorem – good luck!
Example 4
Now suppose we have to attempt solving x3 − x 2 + 3 x − 10 =
0.
To apply the formula, a way must be found of eliminating x 2 in order to have an equation of the
required form.
We let x = y + h and write ( y + h)3 − ( y + h) 2 + 3( y + h) − 10 =
0.
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We expand and collect quantities to write:
y 3 + (3h − 1) y 2 + (3h 2 − 2h + 3) y + (h3 − h 2 + 3h − 10) =
0.
To eliminate y2, we let 3h – 1= 0. We find h =
to obtain y 3 +

8
245
y−
=
0.
3
27

8
245
δ
and then =
=
p =
and q
3
27

y=

3

1
and substitute that value elsewhere in the equation
3

2

3

 245   4  11 57

 +  =
18
 54   3 

8 11 57 3 8 11 57 5
+
+
−
=
6
18
6
18
3

1
5 1
Remember x = y + h, and h = . This gives x = + = 2
3
3 3

Further exploration will show that this equation has also got two complex roots.
For further work, one could attempt solving x3 − 6 x 2 + 11x − 6 =
0 noting, before you begin, that
this equation has three real roots. (Remember Example 3)
The complex numbers chapter in any Leaving Certificate Higher Level textbook may have good
examples of cubic equations with one real and two complex roots. Enjoy!

Paul Holland, formerly of Presentation College, Galway
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